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Fig. 1 Dataset Description. The colours represent different clans: darker nodes are the “Mistretta”
family; in grey the “Batanesi” clan is drawn; white and light gray circled nodes and for two others
Mafia families not directly involved in the current investigation. All circled nodes represent the
bosses. Lastly, white nodes represent other subjects not classifiable in any of the previous categories.
Edges’ width depends on the number of meetings or phone calls, while the nodes size relates with
their degree. (Reproduced from Ficara et al. 2020)

4.2 Weight Distribution Analysis

Figure2 shows theweight distribution of theMeetings and thePhone Calls networks.
As already mentioned, the weights represent the amount of meetings and phone calls
exchanged between pairs of individuals in the networks, respectively.

It is noteworthy that in both these networks there are just a few high-weight edges;
i.e., nodes incident on those links exhibit an high number of interaction within the
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why should we care about network robustness?
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Cayley tree with k=3
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Cayley tree

MTL: from most connected to least connected 

LTM: from least connected to most connected 

RND: random removal of nodes 
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honeycomb lattice
named after bees… 

degree distribution
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MTL: from most connected to least connected 

LTM: from least connected to most connected 

RND: random removal of nodes 

LTMRNDMTL
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Erdos-Renyi graph
random graph

degree distribution
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binomial degree distribution



MTL: from most connected to least connected 

LTM: from least connected to most connected 

RND: random removal of nodes 
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LTMRNDMTL

…discriminate
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8 PERCOLATION THEORY

random networks under random node failures share the same scal-
ing exponents as infinite-dimensional percolation. This equivalence 
predicts that the value of the critical exponents for a random network 
are Ȗp = 1, ȕ = 1 and Ȟ = 1, the d > 6 values encountered earlier. 

In summary, the breakdown of a network under random node removal 
is not a gradual process. In general, removing a small fraction of nodes 
has limited impact on a network’s integrity. Once the number of removed 
nodes reaches a critical threshold, the network abruptly breaks into dis-
connected components. In other words, random node failures induce a 
phase transition from a connected to a fragmented state. We can use the 
tools of percolation theory to characterize this transition in both regular 
and in random networks.

NETWORK ROBUSTNESS

The consequences of node removal are accu-
rately captured by the inverse of the percola-
tion process discussed in Fig. 8.4. We start from 
a square lattice, viewed as a network whose 
nodes are the intersections. Next we random-
ly select and remove an f fraction of nodes, 
measuring the size of the largest component 
formed by the remaining nodes, captured by 
P∞. The obtained networks are illustrated on 
the three bottom panels. Under each panel we 
list the characteristics of the corresponding 
phases.

Figure 8.5
Network breakdown as inverse percolation

percolation theory

f = probability of a site to be empty

f = 0 => all sites in the lattice are occupied

f = 1 => all sites in the lattice are empty

ROOTS AT THE PERCOLATION THRESHOLD PHYSICAL REVIEW E 91, 042706 (2015)

FIG. 3. (Color online) Conceptual model of rewetting of the dry rhizosphere. (a) Illustration of water content in the rhizosphere during
drying and after rewetting, (b) rewetting of a pore covered with dry mucilage, and (c) pore network model of bonds covered with mucilage
(disconnected) and bonds not covered with mucilage (connected).

Equations (3) and (4) give

A = 3
r

ρbu

ρmi
. (5)

The cubic percolation model predicts that around 75% of
disconnected nodes are sufficient to make the soil imperme-
able. This means that we expect the percolation threshold at a
mucilage concentration of cth = 0.75Achy. Combination with
Eqs. (2) and (5) gives the mass of mucilage per unit volume of
bulk soil required to make the soil impermeable:

cth = 1 cm
r

8.3 × 10−5 g cm−3. (6)

Expressed as mass of dry mucilage per dry soil mass as a
function of particle diameter d, it becomes

cth = 1 cm
d

1.04 × 10−4 g g−1. (7)

We tested this theoretical relation by monitoring water
infiltration through artificial rhizosphere layers of varying
mucilage concentration and particle size. We mixed various
amounts of wet mucilage with dry soil to obtain soil samples
of the required mucilage concentration. The mucilage-soil
mixture was dried for around 24 h at 40 ◦C. To reduce
accumulation of dry mucilage on the surface, we used very
wide boxes so that the height of the soil was less than 1 mm.
We packed soil samples representing a simplified model of the
root-rhizosphere-soil system: We used a layer of dry untreated
soil as an analog of the root, a layer of approximately 5 mm

of treated soil as rhizosphere, and again a region of untreated
soil representing the bulk soil.

Neutron radiography was used to monitor the water content
distributions during capillary rise. Water has a high attenuation
coefficient for neutrons, making of neutron radiography an
optimal noninvasive method to quantitatively image water dis-
tribution in thin samples with high accuracy [36]. The neutron
radiographs were taken at the cold neutron imaging beam line
NEUTRA [37] of the Paul Scherrer Institute, Switzerland.

The prepared dry samples were placed inside a box in front
of the neutron beam. Then the box was filled with water until
the water table was 2.5 cm below the layer representing the
rhizosphere. The capillary rise in the samples was monitored
with time-series neutron radiography. Figure 5 shows the water
content distribution in the samples 5 min after the start of
capillary rise. A typical threshold behavior appeared: When
the concentration of mucilage in the rhizosphere was below
a certain value water could easily cross the treated layer. In
contrast, when the concentration exceeded this value water
could no longer cross this region, at least during the first hours
after irrigation. Neutron radiography was performed with
soils of three different particle sizes. Four additional particle
sizes were tested in our laboratory. Note that to determine
the mucilage concentration at the percolation threshold it is
sufficient to control if the surface of the sample turns wet. In
this way we determined further threshold concentrations for
different particle sizes without using neutron radiography.

Figure 6 shows the relation between mucilage concentration
at the percolation threshold and particle size as predicted by

042706-3

e.g. percolation applied to hydrology

 = probability that an occupied a site 
belongs to the giant cluster

in the following



percolation is actually a critical phase transition

universality: the fact that critical exponents (like beta) only depends on few details of the systems, such 
as the dimensionality, the range of interactions between particles, the symmetry of the problem.  

PRINCIPLE OF CORRESPONDING ST,\TES 257 

.95 

.75. 

FIG. 2. 

these formulae should be used for computing 
values of pg. There are however occasions when 
one requires relatively accurate values not of pg 
itself but of (Pl- pg) / pc; on such occasions formula 
(6.4) . in view of its extreme simplicity and 
surprisingly high accuracy has much to recom-
mend it. An example of its use will occur in 
Section 16. 

7. VAPOR PRESSURE 

At temperatures considerably below the critical 
temperature, say T<0.65Tc, when formula (6.2) 
for Pu becomes inaccurate it is convenient to con-
sider the equilibrium vapor pressure Prather 
than pg. According to the principle of corre-
sponding states one should expect P fPc to be a 
universal function of T /Tc• In particular the 
temperatures T8 at which the equilibrium pres-

sure P is one-fiftieth of the critical pressure 
should be corresponding temperatures for differ-
ent substances and the ratio of T. to Tc should 
have a universal value. On the other hand Tb the 
boiling points at a pressure of one atmosphere are 
not corresponding temperatures for different 
substances. In rows 9 and 10 of Table I are given 
Tb the boiling point at a pressure of one atmos-
phere, and T. the boiling point at a pressure one-
fiftieth the critical pressure. In rows 11 and 12 
are given the ratios To/Te and T./Tc. It will be 
seen that the values of the latter are, as expected, 
more nearly the same than the values of the 
former. 

8. ENTROPY OF EVAPORATION 

According to Trouton's rule the molar entropies 
of evaporation for different substances have 

Equations for the presenation
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Nobel prizes related to phase transitions



critical phase transitions in physics
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gas

paramagnet

liquid

ferromagnet

= number of nodes in the network 

Equations for the presenation
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percolation phase transition in networks
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depend on the topology of the network and

see e.g. Guimaraes, A.-L. (2020). Ann. Rev. Ecol. Evol. Syst. 51: 433-60
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random removal of nodes 
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N increasing the number of nodes N 
the transition gets progressively 
sharper and approaches the 2D 
percolation result 

Erdos-Renyi graph
random removal of nodes 

N = 400, 900, 10’000, 22’500 

increasing the number of nodes N 
the transition gets progressively 
sharper as expected for the Erdos-
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Molloy-Reed criterion



Molloy-Reed criterion

N ! 1
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for

valid for every random network

12 ROBUSTNESS OF SCALE-FREE NETWORKS

words, the random removal of a finite fraction of its nodes does not 
break apart a large scale-free network. To further illustrate the roots of 
this anomaly we express ࢭkࢮ and ࢭk2ࢮ in terms of the parameters charac-
terizing a scale-free network: the degree exponent�Ȗ�and the minimal 
and maximal cutoffs, kmin and kmax, obtaining (ADVANCED TOPICS 5.D)

Eq. 8.9 predicts that Fig. 8.9:

•  For ਠ�> 3 the critical threshold fc depends only on Ȗ and kmin, hence fc 

is independent of the network size N. In this regime a scale-free net-
work behaves like a random network: it falls apart after the removal 
of a finite fraction of its nodes. 

•  For ਠ��  3 the kmax diverges for large N (see Eq. 4.18). Therefore in the N ĺ�

∞�limit Eq. 8.9 predicts  fc ̹�1. Hence, to fragment an infinite scale-free 
network we must remove all of its nodes.

Eq. 8.6, 8.9 are the key results of this chapter, predicting that scale-free 
networks can withstand an arbitrary level of random failures without 
breaking apart. To understand the origin of this remarkable robustness 
we must inspect the role of the hubs. Random node failures by defini-
tion are blind to degree, affecting with the same probability a small or 
a large degree node. Yet, in a scale-free network we have far more small 
degree nodes than hubs. Therefore, random node removal will pre-
dominantly remove one of the numerous small nodes as the chances 
of removing one of the few large hubs is negligible. These small nodes 
contribute little to a network’s integrity, hence their removal does not 
damage the network.

Returning to the airport analogy of Fig. 4.6, if we close a randomly se-
lected airport, we will most likely be shutting down one of the numer-
ous small airports. Its absence will be hardly noticed elsewhere in the 
world: you can still travel from New York to Tokyo, or from Los Angeles 
to Rio de Janeiro.

ROBUSTNESS OF FINITE NETWORKS

Eq. 8.9 predicts that for a scale-free network fc converges to one only in 
the kmax ĺ ∞ (or N ĺ�∞) limit. While many networks of practical interest 
are very large, they are still finite, prompting us to ask if the observed 
anomaly is relevant for finite systems. We can address this by inserting 
Eq. 4.18 into Eq. 8.9, obtaining that fc depends on the network size N as

To form a chain, each individual must hold the
hand of two other individuals. Similarly, to 
have a giant component in a network, on aver-
age each of its nodes should have at least two 
neighbors. The Malloy-Reed criteria Fig. 8.4 
exploits this property to help us calculate the 
critical point at which a network breaks apart.

Figure 8.8
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are believed to have a diameter of around six21. To compare the two
network models properly, we generated networks that have the same
number of nodes and links, such that P(k) follows a Poisson
distribution for the exponential network, and a power law for the
scale-free network.

To address the error tolerance of the networks, we study the
changes in diameter when a small fraction f of the nodes is removed.
The malfunctioning (absence) of any node in general increases the
distance between the remaining nodes, as it can eliminate some
paths that contribute to the system’s interconnectedness. Indeed, for
the exponential network the diameter increases monotonically with
f (Fig. 2a); thus, despite its redundant wiring (Fig. 1), it is increas-
ingly difficult for the remaining nodes to communicate with each
other. This behaviour is rooted in the homogeneity of the network:
since all nodes have approximately the same number of links, they
all contribute equally to the network’s diameter, thus the removal of
each node causes the same amount of damage. In contrast, we
observe a drastically different and surprising behaviour for the
scale-free network (Fig. 2a): the diameter remains unchanged under
an increasing level of errors. Thus even when as many as 5% of

the nodes fail, the communication between the remaining nodes
in the network is unaffected. This robustness of scale-free net-
works is rooted in their extremely inhomogeneous connectivity
distribution: because the power-law distribution implies that the
majority of nodes have only a few links, nodes with small
connectivity will be selected with much higher probability. The
removal of these ‘small’ nodes does not alter the path structure of
the remaining nodes, and thus has no impact on the overall network
topology.

An informed agent that attempts to deliberately damage a net-
work will not eliminate the nodes randomly, but will preferentially
target the most connected nodes. To simulate an attack we first
remove the most connected node, and continue selecting and
removing nodes in decreasing order of their connectivity k. Measur-
ing the diameter of an exponential network under attack, we find
that, owing to the homogeneity of the network, there is no
substantial difference whether the nodes are selected randomly or
in decreasing order of connectivity (Fig. 2a). On the other hand, a
drastically different behaviour is observed for scale-free networks.
When the most connected nodes are eliminated, the diameter of the
scale-free network increases rapidly, doubling its original value if
5% of the nodes are removed. This vulnerability to attacks is rooted
in the inhomogeneity of the connectivity distribution: the connec-
tivity is maintained by a few highly connected nodes (Fig. 1b),
whose removal drastically alters the network’s topology, and
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Figure 3 Network fragmentation under random failures and attacks. The relative size of
the largest cluster S (open symbols) and the average size of the isolated clusters 〈s〉 (filled
symbols) as a function of the fraction of removed nodes f for the same systems as in
Fig. 2. The size S is defined as the fraction of nodes contained in the largest cluster (that is,
S ¼ 1 for f ¼ 0). a, Fragmentation of the exponential network under random failures
(squares) and attacks (circles). b, Fragmentation of the scale-free network under random
failures (blue squares) and attacks (red circles). The inset shows the error tolerance curves
for the whole range of f, indicating that the main cluster falls apart only after it has been
completely deflated. We note that the behaviour of the scale-free network under errors is
consistent with an extremely delayed percolation transition: at unrealistically high error
rates ( f max ! 0:75) we do observe a very small peak in 〈s〉 (〈smax〉 ! 1:06) even in the
case of random failures, indicating the existence of a critical point. For a and b we
repeated the analysis for systems of sizes N ¼ 1;000, 5,000 and 20,000, finding that the
obtained S and 〈s〉 curves overlap with the one shown here, indicating that the overall
clustering scenario and the value of the critical point is independent of the size of the
system. c, d, Fragmentation of the Internet (c) and WWW (d), using the topological data
described in Fig. 2. The symbols are the same as in b. 〈s〉 in d in the case of attack is
shown on a different scale, drawn in the right side of the frame. Whereas for small f we
have 〈s〉 ! 1:5, at f w

c ¼ 0:067 the average fragment size abruptly increases, peaking at
〈smax〉 ! 60, then decays rapidly. For the attack curve in d we ordered the nodes as a
function of the number of outgoing links, kout. We note that while the three studied
networks, the scale-free model, the Internet and the WWW have different g, 〈k〉 and
clustering coefficient11, their response to attacks and errors is identical. Indeed, we find
that the difference between these quantities changes only fc and the magnitude of d, S
and 〈s〉, but not the nature of the response of these networks to perturbations.
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Figure 4 Summary of the response of a network to failures or attacks. a–f, The cluster
size distribution for various values of f when a scale-free network of parameters given in
Fig. 3b is subject to random failures (a–c) or attacks (d–f). Upper panels, exponential
networks under random failures and attacks and scale-free networks under attacks
behave similarly. For small f, clusters of different sizes break down, although there is still a
large cluster. This is supported by the cluster size distribution: although we see a few
fragments of sizes between 1 and 16, there is a large cluster of size 9,000 (the size of the
original system being 10,000). At a critical fc (see Fig. 3) the network breaks into small
fragments between sizes 1 and 100 (b) and the large cluster disappears. At even higher f
(c) the clusters are further fragmented into single nodes or clusters of size two. Lower
panels, scale-free networks follow a different scenario under random failures: the size of
the largest cluster decreases slowly as first single nodes, then small clusters break off.
Indeed, at f ¼ 0:05 only single and double nodes break off (d). At f ¼ 0:18, the network
is fragmented (b) under attack, but under failures the large cluster of size 8,000 coexists
with isolated clusters of sizes 1 to 5 (e). Even for an unrealistically high error rate of
f ¼ 0:45 the large cluster persists, the size of the broken-off fragments not exceeding
11 (f).
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important consequence of nonlinear gravitational processes if the
initial conditions are gaussian, and is a potentially powerful signa-
ture to exploit in statistical tests of this class of models; see Fig. 1.

The information needed to fully specify a non-gaussian field (or,
in a wider context, the information needed to define an image8)
resides in the complete set of Fourier phases. Unfortunately,
relatively little is known about the behaviour of Fourier phases in
the nonlinear regime of gravitational clustering9–14, but it is essential
to understand phase correlations in order to design efficient
statistical tools for the analysis of clustering data. A first step on
the road to a useful quantitative description of phase information is
to represent it visually. We do this using colour, as shown in Fig. 2.
To view the phase coupling in an N-body simulation, we Fourier-
transform the density field; this produces a complex array contain-
ing the real (R) and imaginary (I) parts of the transformed ‘image’,
with the pixels in this array labelled by wavenumber k rather than
position x. The phase for each wavenumber, given by
f ¼ arctanðI=RÞ, is then represented as a hue for that pixel.

The rich pattern of phase information revealed by this method
(see Fig. 3) can be quantified, and related to the gravitational
dynamics of its origin. For example, in our analysis of phase
coupling5 we introduced a quantity Dk:

Dk ! fkþ1 ! fk ð4Þ

This quantity measures the difference in phase of modes with
neighbouring wavenumbers in one dimension. We refer to Dk as
the phase gradient. To apply this idea to a two-dimensional
simulation, we simply calculate gradients in the x and y directions
independently. Because the difference between two circular random
variables is itself a circular random variable, the distribution of Dk

should initially be uniform. As the fluctuations evolve waves begin
to collapse, spawning higher-frequency modes in phase with the
original15. These then interact with other waves to produce the non-
uniform distribution of Dk seen in Fig. 3.

It is necessary to develop quantitative measures of phase infor-
mation that can describe the structure displayed in the colour
representations. In the beginning, the phases fk are random and
so are the Dk obtained from them. This corresponds to a state of
minimal information, or in other words, maximum entropy. As
information flows into the phases, the information content must
increase and the entropy decrease. This can be quantified by
defining an information entropy for the set of phase gradients5.
We construct a frequency distribution, f(D), of the values of Dk

obtained from the whole map. The entropy is then defined as

SðDÞ ¼ ! !f ðDÞ log½f ðDÞÿdD ð5Þ

where the integral is taken over all values of D, that is, from 0 to 2p.
The use of D, rather than f itself, to define entropy is one way of
accounting for the lack of translation invariance of f, a problem that
was missed in previous attempts to quantify phase entropy16. A
uniform distribution of D is a state of maximum entropy (mini-
mum information), corresponding to gaussian initial conditions
(random phases). This maximal value of Smax ¼ logð2pÞ is a
characteristic of gaussian fields. As the system evolves, it moves
into states of greater information content (that is, lower entropy).
The scaling of S with clustering growth displays interesting
properties5, establishing an important link between the spatial
pattern and the physical processes driving clustering growth. This
phase information is a unique ‘fingerprint’ of gravitational instabil-
ity, and it therefore also furnishes statistical tests of the presence of
any initial non-gaussianity17–19. !
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Error and attack tolerance
of complex networks
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Many complex systems display a surprising degree of tolerance
against errors. For example, relatively simple organisms grow,
persist and reproduce despite drastic pharmaceutical or
environmental interventions, an error tolerance attributed to
the robustness of the underlying metabolic network1. Complex
communication networks2 display a surprising degree of robust-
ness: although key components regularly malfunction, local fail-
ures rarely lead to the loss of the global information-carrying
ability of the network. The stability of these and other complex
systems is often attributed to the redundant wiring of the func-
tional web defined by the systems’ components. Here we demon-
strate that error tolerance is not shared by all redundant systems:
it is displayed only by a class of inhomogeneously wired networks,
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A common property of many large networks, including the Internet, is that the connectivity of the
various nodes follows a scale-free power-law distribution, P!k" ! ck2a . We study the stability of such
networks with respect to crashes, such as random removal of sites. Our approach, based on percolation
theory, leads to a general condition for the critical fraction of nodes, pc, that needs to be removed before
the network disintegrates. We show analytically and numerically that for a # 3 the transition never
takes place, unless the network is finite. In the special case of the physical structure of the Internet
!a # 2.5", we find that it is impressively robust, with pc . 0.99.

PACS numbers: 84.35.+i, 02.50.Cw, 05.50.+q, 64.60.Ak

Recently there has been increasing interest in the for-
mation of random networks and in the connectivity of
these networks, especially in the context of the Internet
[1–9]. When such networks are subject to random break-
downs — a fraction p of the nodes and their connections
are removed randomly —their integrity might be compro-
mised: when p exceeds a certain threshold, p . pc, the
network disintegrates into smaller, disconnected parts. Be-
low that critical threshold, there still exists a connected
cluster that spans the entire system (its size is propor-
tional to that of the entire system). Random breakdown
in networks can be seen as a case of infinite-dimensional
percolation. Two cases that have been solved exactly are
Cayley trees [10] and Erdős-Rényi (ER) random graphs
[11], where the networks collapse at known thresholds pc.
Percolation on small-world networks (i.e., networks where
every node is connected to its neighbors, plus some ran-
dom long-range connections [12]) has also been studied
by Moore and Newman [13]. Albert et al. have raised the
question of random failures and intentional attack on net-
works [1]. Here we consider random breakdown in the
Internet (and similar networks) and introduce an analytical
approach to finding the critical point. The site connectivity
of the physical structure of the Internet, where each com-
munication node is considered as a site, is power law, to
a good approximation [14]. We introduce a new general
criterion for the percolation critical threshold of randomly
connected networks. Using this criterion, we show analyti-
cally that the Internet undergoes no transition under ran-
dom breakdown of its nodes. In other words, a connected
cluster of sites that spans the Internet survives even for ar-
bitrarily large fractions of crashed sites.

We consider networks whose nodes are connected ran-
domly to each other, so that the probability for any two
nodes to be connected depends solely on their respective
connectivity (the number of connections emanating from
a node). We argue that, for randomly connected networks
with connectivity distribution P!k", the critical breakdown
threshold may be found by the following criterion: if loops

of connected nodes may be neglected, the percolation tran-
sition takes place when a node (i), connected to a node ( j)
in the spanning cluster, is also connected to at least one
other node—otherwise the spanning cluster is fragmented.
This may be written as

$ki j i $ j% !
X

ki

kiP!ki j i $ j" ! 2 , (1)

where the angular brackets denote an ensemble average, ki
is the connectivity of node i, and P!ki j i $ j" is the con-
ditional probability that node i has connectivity ki , given
that it is connected to node j. But, by Bayes rule for condi-
tional probabilities P!ki j i $ j" ! P!ki , i $ j"&P!i $
j" ! P!i $ j j ki"P!ki"&P!i $ j", where P!ki , i $ j" is
the joint probability that node i has connectivity ki and
that it is connected to node j. For randomly connected net-
works (neglecting loops) P!i $ j" ! $k%&!N 2 1" and
P!i $ j j ki" ! ki&!N 2 1", where N is the total number
of nodes in the network. It follows that the criterion (1)
is equivalent to

k '
$k2%
$k%

! 2 , (2)

at criticality.
Loops can be ignored below the percolation transition,

k , 2, because the probability of a bond to form a loop
in an s-nodes cluster is proportional to !s&N"2 (i.e., pro-
portional to the probability of choosing two sites in that
cluster). The fraction of loops in the system Ploop is

Ploop ~
X

i

s2
i

N2 ,
X

i

siS
N2 !

S
N

, (3)

where the sum is taken over all clusters, and si is the size
of the ith cluster. Thus, the overall fraction of loops in
the system is smaller than S&N , where S is the size of
the largest existing cluster. Below criticality S is smaller
than order N (for ER graphs S is of order lnN [11]), so
the fraction of loops becomes negligible in the limit of
N ! `. Similar arguments apply at criticality.
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Taken from Barabási, A.-L. (2016). Network Science. Cambridge University Press. 

robustness of real networks
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what is relevant for ecology…  
…according to a physicist



Bascompte, García, Ortega, Rezende, and Pironon (2019). Sci. Adv. 5: eaav2539 
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can we learn something about habitat restoration from physics?  



1. are ecological networks really random?

‘trait’ for the latter. In fact, each idealised dimension could represent
a combination of several empirical traits – for example, taking into
account correlations between traits to create orthogonal dimensions
using principal component analysis or ordination methods.
In graph theory, networks that can be completely described in one

dimension are known as ‘interval’ (Fig. 1a). The first set of published
ecological networks were small food webs that could be suitably
described by one dimension (Cohen 1968) – the species can be
ordered such that each predator consumes a consecutive range of
prey. To date, most models of ecological network structure are based
on a single dimension (Williams & Martinez 2000; Cattin et al. 2004;
Stouffer et al. 2006; Allesina et al. 2008), even though it has long
been proved that most ecological networks are only close to interval
(Cattin et al. 2004; Stouffer et al. 2006; Mouillot et al. 2008). Interest-
ingly, it has been shown that networks constructed from many
dimensions can also appear close to interval (Br€annstr€om et al.
2011). Thus, quasi-intervality does not guarantee that ecological net-
works can be described using few dimensions, and there is as yet no
rigorous estimate of the dimensionality of ecological networks.
Here, we provide, for the first time, an upper bound to the

dimensionality of ecological networks, and identify which traits con-
tribute the most to explaining interactions. To answer these funda-
mental questions we perform two analyses. First, we measure how
many idealised dimensions are needed to completely describe the
structure of a large set of empirical networks. Second, for a subset
of the networks that include traits for all species, we estimate the
fraction of connections explained by each trait or a combination of
traits. We can thereby give a sound answer to the actual number of
dimensions needed to completely describe ecological networks and
quantify the actual importance of specified species traits.

We find that less than 10 dimensions are sufficient to completely
describe ecological networks. Moreover, performing model selection
we show that all networks are best explained by less than five
dimensions. The analysis of traits shows that empirically measurable
characteristics largely account for ecological interactions.

METHODS

Estimating an upper bound of dimensionality

Figure 1a shows a food web in which species i consumes all species
whose body size is larger than bi but smaller than Bi – the diet of
species i is described by a range of body sizes. If this holds for all
species, then the food web is described by a single dimension (body
size). Fig. 1b gives an example for two dimensions: predator i con-
sumes all species with body size within the range ½bi ;Bi " and are
found in the depth range ½di ;Di " in the water column. Species fall-
ing within the body size range, but living at a depth outside the
predator’s range are not consumed. Such a food web requires two
dimensions, and is therefore not interval (Cohen 1968; Stouffer
et al. 2006; Allesina et al. 2008; Williams & Purves 2011). If two
traits are sufficient to completely describe the diet of each predator
(all of the predator’s prey fall within the rectangle, see Fig. 1b) the
network dimensionality is two. If three traits are sufficient, prey are
embedded in a cube, and so forth. Therefore, the total number of
parameters required for the model is three (minimum value, maxi-
mum value and actual trait value) for each species and dimension.
To identify the minimum number of dimensions needed to com-

pletely describe all species interactions in an ecological network, we
need to consider all possible arrangements of the species in several

Figure 1. Schematic description of network arrangement in one (a) and two dimensions (b). In (a) the focal species (red) interacts with all species in the body size range

[biBi]. In (b) the focal species interacts with the species in the body size range [biBi] but only if they are also present at depth [diDi]. Arrangement of the species in two

dimensions for an empirical networks: the pollination network of the Galapagos Island (McCullen 1993) (c). The network has D ¼2; only the pollinators (blue) visiting

each flower (green) are contained in each box (two highlighted).
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2. what role play its finite size or the sampling efforts on  
assessing the robustness of an ecological network?

A. Eklöf et al. (2013). Ecology Lett. 16: 577. 
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